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§1. INTRODUCTION 
THIS is the second of three papers on the Torelli group •, that is, the subgroup of the mapping 
class group ~ which acts trivially on homology. In the first paper [1] we treated the problem 
of finite generation of J ;  the ideas and notation of that paper will occur frequently here, and 
we shall assume familiarity with them. In this paper we study the group ~ c J generated by 
twists on bounding simple closed curves. Let Mg, t be a surface of genus g > 2 with one 
boundary component and Jg, i be its Torelli group; in [2] the author constructed a surjective 
homomorphism z from J0, 1 to the third exterior power A3HI (Mg. 1, Z) and showed that 3" 
Ker z. It was conjectured there that in fact ~ = Ker z; the proof of this conjecture is the 
purpose of the present paper. We will also assume familiarity with the ideas and terminology 
of the reference [2]. 
Throughout the paper all surfaces are compact, orientable and oriented. All maps will be 
smooth unless otherwise stated; all homology groups use Z coefficients. For a surface Mg, 1, 
n~ is free and has a basis represented by SCC's ~i, ~i(i = 1 , . . . ,  g) which are mutually 
disjoint except at the base point and are arranged there as in Fig. la; such a set of curves is 
known as a "canonical basis". (In the figure, the base point is shown in ~M, but this may not 
always be the case in what follows.) Figure lb shows the curves ~k,/3k on the form of the 
surface we will use in this paper. The situation is essentially the same for a closed surface 
g 
except hat we now have the well known relation 1-I [~i, fl~] = 1. If we compute the partial 
i= l  
k 
product I-I [~, fl~] in the open surface, we find it represented by the curve 7k of Fig. lc. In 
i=1  
0 
particular, I-I [cq, ill] is represented by t~M itself with orientation opposite to that acquired 
i= l  
in the natural way from M (which puts M on the left of aM ). The notation Mg,., ~t'~,. etc. is 
the same as in the first paper of this series. We shall systematically confuse adiffeomorphism 
of M with its isotopy class in Jr' and a closed curve with its homotopy class in 1 h (M). 
The paper is organized as follows: in the next section we extend the definitions and results 
of [2] to surfaces having more than one boundary component. In Section 3 we develop 
relations between the kernel of the quotient map ~¢g,. ~ .~¢g, ._ ~ and the fundamental group 
~ a Bk ~'k 
(o) (b) (c) 
Fig. 1. 
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of Mo, ._ 1, and in the next two sections we use the ideas of Section 3 to prove the conjecture 
for M2, 1 and M2, ~. Using these results as a starting point for induction, the following section 
uses the methods of [1] to prove the conjecture for all surfaces Mo. 1, O >-- 3. Finally, the last 
section extends the results to closed surfaces of genus > 3. 
§ 2. THE TORSION MAP FOR Jg, . ,  n > 1 
In [2-] we defined the torsion z only for Mg, 1 and Mg. 0. We shall need to extend the 
definition given there to surfaces Mg,~, n > 1. We have not yet, however, given a definition of 
Jg,~ for n > 1. This definition is not the obvious one and is our first step. We denote by M a 
surface of type Mg.~ and by ~ its mapping class group. Let the boundary curves of M be 
~,  ~2 . . . .  , ~n, oriented in the standard way (with Int M on their left); we choose points pi e ~ 
and oriented arcs e~(i = 2, 3 . . . . .  n) running from Pt to p~. Note that if h~t '  then the 
(isotopy class of) paths h (e~)e~- 1 are actually oriented loops based at Pl and hence represent 
elements of rq (M, Pl ). 
Definition. Jo. n is the set of all f~ ~1¢ which act trivially on H ~ (M) and such thatf  (ei)e? 
is nulhomologous for all i = 2 , . . . ,  n. Equivalently, Jg,. consists ofthosefsuch t a t f (x )x -  1 
is in the commutator subgroup rt'~ (M, Pl) if x is in n t (M, Pl ) or x is an arc e~. 
It is easy to see that J0,. is still a normal subgroup of ~/¢ = ~t'o, ~ and that it does not 
depend on the choice of arcs e~ or the numbering of the boundary components t3~. 
Suppose that M is contained in the interior of a surface M of type Mg, 1 (so g' > g); we 
obtain easily 
PROPOSITION. H~M incl.; H11C-I is injective iff Nl - M is connected; in this case nl (M, Pl ) 
nl (M, Pl ) is also injective. 
If these conditions are satisfied we will say M is non-separating in M and identify HI M, 
nl (M, pl ) with subgroups of H 1 M, nl (h4, Pl ) respectively. In the remainder of this section 
we abbreviate the notation of these four groups to H, n,/~, ~; we also denote the mapping 
class group of M by J /=  ~gg,, t and Jg,  1 by J .  Given anyfe  J¢, we extend it by the identity 
map to a diffeomorphism f of AT/. The following lemma is the principle reason for our 
definition of ~g,.. 
LEMMA 1. I f  M ~ iV1 is non-separating then f e ~¢[ is in Jg,, = J iff f e J .  
Proof. The pair of surfaces will look, up to diffeomorphism, some thing like Fig. 2 (here n 
= 4). The oriented arcs ei are shown and may be chosen so as to be mutually disjoint except at 
Pt. We may also choose similar arcs r/i in AT/- Int M, and it will be useful to us in the proof of 
the next theorem to note that we may in fact choose them so that, as shown in the figure, the 
oriented SCC's 0q = e~ r/71 have mutually zero algebraic intersections atpt./~ is generated by 
the homology classes of curves in M, curves in its complement, and finally the curves cq. If 
f~ J ,  then f acts trivially on the classes of each subsurface, and for ~i we get f (0q)~t/-1 
= f(girl 7 1 )r/igi-- 1 = f (8i)r//- 1 r/ig/- 1 =f(e~)eZ 1. But the latter is zero in n c /~,  and thusfe ) .  
, a 4 
Fig. 2. 
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Conversely let re ) .  It then acts trivially on / /and  so on its subgroup H, and the above 
equation shows us that f (ei)e~ -  is zero in / t  and hence zero in H as well, so f~ ~', Q.E.D. 
Since H ~/~ we may identify the exterior powers AZH, AaH with subgroups of the 
corresponding powers of H. We now define zs forf~ ~.~ to be ~,; this appears initially to live 
in AaI-/, but we have: 
THEOREM 1. l f f6 Ja ,  n then 
(a) zy ~ Aa/~ is actually in AaH and 
(b) is independent of the imbedding M ~ M chosen to define it. 
(c) z y = 0 iff f (x)x-  ~ ~ [rt, n'] whenever x e n or is an arc ei 
(d) "r: JR, n ~ A3H is a homoraorphism, and if h ~ .1¢~, n, f  e o¢ ~,, then Zhfh-, = h(z ~ ), where h 
acts on xf ~ AaH in the standard way. 
Proof. To show that z/E A3H we choose a symplectic basis for/~ represented by curves 
based at Pl as follows: 
! p p 
(1) ~t'l, if1, at2,/~ . . . . .  %,/~9, all contained in M 
(2) ~t2, f12 . . . . .  ~tn,/~n, where the ~ti's are the curves ejr/71 defined in the previous lemma, 
and fli = rhd~/71 represent the boundary classes and are contained in M - Int M. 
t t  i t  (3) Ctl, fl'l' . . . . .  ~'k, ilk', all contained in M-  Int M. 
As in [21 Section 3 we construct the map 6f: H --, Az/~ by putting 6f (x)  equal to the 
image of f (x )x -  1 ~ ~, under the composition of the maps $' --, $'/[?t, ~'] ---, A2/4, where the 
latter map is the isomorphism j -~ defined in [2], Lmma 1A. Note that this isomorphism 
takes n' c ~r' onto A2H c Az~. We see immediately that 6f(x) = 0 ifx ~ (3) or x = fig. Also, 
6f( t,) = f(e,)e? ~, and sincef(e,)e71 e 7t', 6f(oti)~ A2H. Finally, 6f(x) is  clearly in 
A2H for x e (1). If we denote the homology classes of ct~, fl~, etc. by a~, b~, etc., then by definition 
of z/(see [2], Section 3) we have 
zy = z].= ~ (6f(ot' ,)(~b',-6f(f l ,)(~a',)+ 6f(ot,)(~b, 
i=1  i=2 
which is in A2H ® H. Furthermore, it is in A 3/-I, that is, the completely antisymmetric tensors 
of A2B ®O. Hence it is also in AaH; this proves (a). 
qro prove (c) note that zy = 0 iff difis the zero map, i.e. i f f f (x)x  -~ = 0 in A2H for xen 
or x = el. But by virtue of our isomorphism of n'/[n, n'] with A2H, f (x )x -1  = 0 in A2H iff 
f (x)x - 1 ~ [lt, re' 3. 
To prove (b), suppose we have non-separating imbeddings j :  M ~ A~t = Mo, l and k: 
M~M-  ' " ' " . . . .  ~ ' ~ - Me,  x with, say g > g. Then there is a (non-separating) imbedding z:M ~ M such 
that i -j = k. We may thus identify M and A4 in a consistent way with subsurfaces of h~, and 
likewise will have AaHIM ~ AaH~ h~r ~ A3H~,~t. The given mapfextends by the identity tof 
on .~, and fi~rther tofon ~r. It is clear then by the previous formula for zy that, under these 
identifications, it receives the same definition in both AaM and A3j~. 
Finally, (d) follows from the truth of this statement in ~ (see [2], Lemma 3). 
Given a bounding twist map Tr of M~., (that is, y bounds in M~.,) it is also a bounding 
twist in M and so we still have z(Tr) = 0. For the same reason, the formulas of [2], Lemma 4B 
and Corollary remain true for Mo. .. We will need the following variation for 3-chain maps: 
LEMMA 2. I f  ch(a, b, c) is a 3-chain, then Z[abc] = --a Ab A c. 
(Here we have used a, b, c to denote both oriented curves and their homology classes.) 
Proof. If the chain is as shown in Fig. 3, then [abe] = TdT~, ~. Since d = -a  -c  and the 
Fig. 3. 
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intersection umber a' b = 1, the aforementioned formulas tbr r yield z[~b,] = a/x b Ad = 
- -a^ b^c.  
§3. INVARIANT SUBGROUPS OF n I(M) 
The problem of characterizing ~ris already completely solved for closed surfaces of genus 
2, for Powell has shown in [3] that J2,o = 3-2,o. Recall now the map ~/2. ~ -~ ~2,o,  got by 
"filling in the hole", and its kernel K. Since K is also the kernel of J2. ~ ~ J2.0 = ~-2,0 the 
problem of showing that if2, ~ = Ker z is in some sense "contained in" K. In this section we 
develop some relations between K and nl which we will need to prove that ~'2, ~ = Ker z. 
The following notation will be used consistently in the remainder of the paper. Let M be a 
surface Mg,. (n > 0) with boundary components 31 , . . . ,  d, and chosen points p~ e t3~ as in the 
previous ection. We fill in dl by a disc D to get a surface M of type Mg,,_ x. The various 
mapping class groups of these surfaces are ~//, J and ~¢, ~ respectively, and a mapf_in J¢ 
extends by the identity to fe~¢,  giving thereby a surjective homomorphism d /~ ~t'; its 
kernel is denoted by K. This homomorphism is easily seen to take ~ into J .  As we shall 
I 
see by an example later, however, the kernel of ~ ~ d; is not all of K when n > 1. We 
abbreviate n~ (M, p~ ) and n~ (M, p~ ) to n and ~ respectively, and ~ is the fundamental group 
of the unit tangent bundle of /~ (based at some tangent vector at p~ ). In [1], Lemmas 2, 3 we 
constructed an isomorphism tp: K --* $ (the base point there was a point d in the interior o ld  
rather than p~ e dD, but n~ (M, p~ ) and ~t~ (/~, d) are clearly canonically isomorphic, and the 
same holds for $). If ~t ~ ~ is induced by the bundle projection, then we denote by ~b the 
composition map K-L.* $ --. ~; ~b is surjective. 
Recall that maps of ~ may be thought of as (isotopy classes of) diffeomorphisms of 
which fix D pointwise, and hence act in a well defined way on ~. ~¢ also acts on K by 
conjugation and ~b preserves this action, that is 0 (hfh- ~ ) = h (~k (f))  for h s ~¢, f~ K (see [1], 
Lemma 4 for a proof of the corresponding statement for tp; the above then follows easily). 
Although ~b is not 1 - 1, it turns out to be close enough so that we will be able to analyze 
our problem in K by solving a similar one in ~t; in fact, the main difficulty is to determine the 
~b-image of K n ~- in ~ for M = Mz, ~ or M2, 2- To accomplish this we need to develop the 
idea of an invariant subgroup of ~. 
Definition. A subgroup G of ~ is inrariant if g E G and f ~ ~¢[ ~ f (g) ~ G. 
For example, any characteristic subgroup of ~t, such as ~' or [~t, ~'], is certainly invariant. 
LEMMA 3. An invariant subgroup is normal. 
Proof. Let ct E ~ and fl ~ G; since ~J is surjective, choose maps a, b in K such that ~J (a) = ct, 
~J (b) = ft. We get then 0tflct-1 = ~j (aba-l) = a(¢¢ (b)) = a (fl). The latter is in G because G is 
invariant, Q.E.D. 
Scholium. All conjugates of x ~ r~ are of the form f(x), where f~ dr' (in fact, j~  K). 
Now K n 3- is normal and hence we get: 
LEMMA 4. ~b (K n J ) is invariant. 
Proof. Given ot = ~k (a) (where a e K ~ Y ) and h ~,//, we have h (ct) 
= d/(hah-1)e~J(K n~7-). 
Definition. If G c g is invariant and { gi } is a subset of G, we say {gi } ,g-generates G if the 
set of all f(gi), as f ranges over ~¢, generates G. The scholium above shows that if G is 
generated by the conjugates of the g~, then it is also ,/C-generated by the gi alone, and that any 
generator may be replaced by any of its conjugates. 
In order to show that a certain set {g~} is an JC-generating set we will frequently be 
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. a O' 
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(a) (b) 
Fig. 4 
required to show that certain closed curves (which represent elements of ~) can be moved to 
certain others by means of a homeomorphism. To this end we need the following. 
LEMMA 5. Let x, y, x', y' be oriented SCC" s of a surface N based at a point p (which may be 
in 8 N) such that x n y = x' n y' = {p} and such that both N - (x w y) and N - (x' w y') are 
connected. Then there exists a homeomorphism h taking x to x' and y to y' (and preserving their 
orientations) iff this is true in a neighborhood of p, that is, iff there is a disc E which is a 
neiohborhood of p and intersdcts the 4 curves in 4 arcs, and a homeomorphism h o of E taking 
x n E to x' n E and y n E to y' c~ E. The map h can be taken to be an extension ofho, and so 
orientation preserving ifh o is so. Finally, in the orientation preservin 0 case h can be chosen to be 
the identity on 8N. 
We will only indicate the proof of this lemma. Cut N along x, y to get a surface S. The new 
boundary introduced by the cuts consists of arcs and/or circles which are oriented and 
identified in some pattern to reassemble N from S. It is easy to see that all this information, as 
well as the genus and number of boundary components ofS, is completely determined by the 
way the curves x, y look near p alone. Suppose for example that p is in a boundary curve 8 and 
x, y look as in Fig. 4a. We have oriented 0in the standard way (M on its left). After the cut, the 
boundary will have two new oriented boundary curves d, e, as shown in Fig. 4b, and 8 will be 
enlarged to 8' by the insertion of arcs arising from x and y. As we travel around d' in the 
standard irection, the order in which we traverse 8, x, y and their relative orientations i
clearly predictable. The Euler characteristic of S is two less than that of N, so we really know 
everything about S and its pattern of identifications. If now we cut N along x', y' we get a 
surface S' which is not only homeomorphic to S, but in such' a way as to preserve all the extra 
information carried by the boundary. Such a homeomorphism "reassembles" to define the 
homeomorphism h: M --* M we seek; all the other claims about h should now be reasonably 
clear. 
COROLLARY. Under the hypotheses of the above, and assuming that h o is orientation 
preserving, there is a diffeomorphism h' which is the identity on 8N u E and takes the homotopy 
classes of x, y in ~1 (N, p) to those of x', y'. 
Proof. The homeomorphism h guaranteed by the lemma fixes 8N pointwise and takes E 
into itself, so it can be isotoped (rel 8N) to a diffeomorphism h' which is the identity on E; h' 
has the same action on nt (N) as does h and so is the desired map. 
It is in the form of this corollary that we will argue that some element of ~ can be moved to 
some other by a map in ~'.  
§4. THE CONJECTURE FOR M2.1 
We now begin the proof that ~-2,1 = Kerz. In this section, then, M- -M2,  1 and 
= M u D = M2,o. I f f~K = Ker (.4t2,1 --*_-4{2,0) then ~,(f)eff reduces to a homology 
class cf in H1 M, and since the inclusion M c M induces an isomorphism on H 1 we may think 
of cf as being an element of H1M. Recall that in A2H1M there is a "characteristic element" 
0 = al^ b~ + a2A b 2, where {ai, bi } is any sympiectic basis of H 1 M; 0 is independent of the 
basis chosen. 
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(a) (b) 
Fig. 5. 
LEMMA 6. I f  feK  then z f  = 0 A cy. In particular z¢ = 0/ffcr = O, i.e. iff d / ( f )  is in the 
commutator  subgroup ~'. 
P roo f  Consider the 3-chain map W = [1234] = Tb2Tff21where b2, b~ are as in Fig. 5a. 
The curve ~k (W) is shown in Fig. 5b; it is homologous to b2 in the closed surface, so c w = b2. 
Also, al, b~, a 2, b 2 form a symplectic basis for H~ M and we can compute the torsion of W by 
Lemma 4B of [2]: 
z w=a~ Ab~Ab 2=(a  l ab  l+a2Ab2)  A /32=0Ab 2=0Ac  w. 
But K is normal in ~¢ and is generated by the conjugates of W (see, e.g., Lemma 6 of [1]), and 
for any h~¢ we have Z hWh- , = h(z w ) = h(O A C W ) = 0 A h(c w ) = 0 A C hwh- ,. Since z and c 
are both homomorphisms weget zy = 0 A Cy for allf~ K. The fact that 0 A Cy = 0 iff C~ = 0 
was proved in [2], p. 238. 
Since z(~-) = 0, the following is clear: 
COROLLARY. ~ (K c~ "Y-2,1 ) c ~'. 
Actually, it is true that ~ (K c~ 3r2.1 ) = r~'. Having established this, it will be easy to show 
that 37"2,1 = Ker z. We have already seen that ~b (K n ~-2,1) is invariant, so to prove that 
(K c~ ~2,1 )is all of ~' it will suffice to show that the former contains a set of Jr-generators 
of the latter. Let now ~1,/31, ~2,/32 be a set of canonical generators for ~, and hence ~, as 
shown in Fig. lb. 
LEMMA 7. ~' is JC-generated by [al,/31]. 
Proof. ~' is generated by the conjugates of, and hence Jt'-generated by, the 6 
commutators [~1,/31 ], [~2,/32 ], [~1, ~2 ], [/31,/32 ], [/31, ~2 ] and [~1,/32 ]. We show first how 
to eliminate all of these but the first and last. There exist diffeomorphisms of M which 
accomplish each of the following moves: 
(1) 0q .0 oc2,/3, .0/32: so [a,, 31] "*' [0~2, 32] 
(2) ~1 .0~1,/32 .0~21: so 321 [~1,32]-1/32 .0 ~2[~1, ~21]-1~21 = [~1, ~2] 
(3) ~1 -°/371,/32 .0/32: so c~-1 [~1,/32]-1~1 .0  31[ /311 ,  /32] -1 /311  : [31,32] 
(4) al .0fli -l, /32 .0a2 -1: so fl210~11[0~1,/32]~1/32 .0 0~2/31[fl11,0c21]/3110~21 = [/31,0~2] 
We prove this using Lemma 5 and its corollary. For instance, in M the curves of case (2) look 
like Fig. 6a, b in a neighborhood ofthe base point. The other cases are similar and we see then 
that [al, fl,] and [al, 32] alone suffice to Jr-generate ~'. 
Similarly, there is a diffeomorphism taking al to al a2 and/31 to/32 and hence [al, 31 ] to 
(a) (hi 
Fig. 6. 
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(o) 
Fig. 7. 
(b) 
8 7" 
[0~10~2, fl2-I = 0~1 1"0~2, fl2"]0~11 " [-0~1, f12"]" Since both ['0~1~2, f12"] and ~q I-~t 2, fl2]*t~ -1 are in the 
group which is ./C-generated by [~t x, fll "l alone, [~q, f12] is as well. This proves the lemma. 
LEMMA 8. ~k (K ~ ~'2, ~ ) = 7V. 
Proof It now suffices to show that [~q, f i l l  e¢(K  c~ ~-2,1). But [~q, f i l l  is represented 
by the bounding SCC of  .~ shown in Fig. 7a: Consider the two curves ),, ~ ~ M of Fig. 7b: 
clearly TrT~- 1 e K c~ ~-, and by following D along the isotopy in M taking this map back to 1, 
we see that ~ (Tr T~- 1 ) = [~q, fll ], Q.E.D. 
COROLLARY. K c~'2.1 = K c~Kerz. 
Proof. Since 52.1 c Kerr ,  we need only show that K c~ ~-2,~ D K c~Kerz. If 
fe  K ra Ker ~ then ¢ ( f )  e r~' by Lemma 6, and so the present lemma tells us that there is a 
~ K n ~'2, ~ such that ~, ( f )  = ~k (g), that is, ~b ( fg - l )  = 1 in ~. Recalling that ~b is the 
composition map K ---e--~ ~--, ~, we have ~p( fg-1)eKer(~- -*  ~). But the latter group is 
generated by the tp-image o fTou ~ K c~ ~-2,1 (see [1], Lemma 3), and so for some n we have 
tp ( fg - lT~ ") = 1 in ~. Since tp is an isomorphism we have f= T~geK ~ ~'2,~, Q.E.D. 
THEOREM 2. 3r2,1 = Ker z. 
Proof We know that J c Kerr ,  so let feKer  ~. The map' f is  in ~V = -/2.0 = ~-2,0 by 
Powell's result, so we can express it as a product of twists on bounding SCC's. These twist 
curves can be isotoped so as to miss the disc D and thereby define bounding twist maps in M. 
In this way we have found a map g e ~2, x such that # = f in  J2, o, and hence./'#- 1 e K. But 
xfo -' = ~: - xg = 0 - 0, so by the previous corollary f#  - 1 e K c~ ~-2.1, and we havefe  ~7-2,1, 
Q.E.D. 
COROLLARY. "~: o~f2, 1/o~22,1 --* A3Ht (M2,1) is an isomorphism. 
§5. THE CONJECTURE FOR M2, 2 
In this section we prove that _J2, 2 = Ker~. Our notation is accordingly M = M2.2 with 
boundary curves d I and ~2 and M = M w D where tgD = ~1; we have points Pi ~ ~i and an 
oriented arc e from Pl to P2. We also have the usual surjective homomorphism from 
-/¢ = Jr'2.2 to ~¢7 = Mr'2, ~ with kernel K, and finally a surjective homomorphism from 7t 
= ~1 (M, Pl ) to ~ = rq (M, Pl ) induced by the inclusion M c M. It is no longer true that K 
c J2,2 ; in fact T ~, ~ K but is not in J2, 2, since the closed curve T ~ (e)~ - 1 ~_. ~ =# 0 in H1 M. 
For f~ M¢ the closed curvef  (e)e- 1 c M c M represents a homotopy class in both n and 
its quotient ~. The following gives us a useful way to compute ~b(f) whenf i s  in K. 
LEMMA 9. l f f~K we have ~(f)  =f(f)t~ -1 it/7L 
Proof I f f t  is an isotopy connecting f ro  1 in M, i.e.fo = f, f l  = 1, then ~0 ( f )  is given by the 
loop ft ~1 ), t ~ I-0, 1]. For each s ~ [0, 1] we have a path q~ given by q~ (t) = ft(Pl ) (t ~ [0, s] ); 
note that ql represents ~b(f), and that q~ travels f romf  (pl) = Pl tof~ (pl). We also have a path 
f~ (t) which travels from f, (e(0)) = f~ (P l) to f~ (~(1)) --f~ (P2) = P2. Hence, for all s, the path 
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q~ "f~(e)" e-1 is actually a loop @~ based at p~, and so represents independently of s a single 
element ofn. When s = 0, q~ is the trivial path and so ~b o =f(e)e- 1; when s = 1, f~(e) = e and 
so ~k I = ql represents ~b(f). This proves the lemma. 
CORGLLARY. I]/(K c~ Ker r) ~ [~, ~']. 
Proof. I f fe  K n Kerr then by Theorem 1, part (c) we havef (e)e-1 e [r~, rt']. Reducing n
to its quotient ~ and applying the lemma gives us that @(f)e [~, ~']. 
The remainder of the proof of the conjecture parallels closely the proof for M2.1 : we wish 
to show first that @(K n ff2,2)= [~, ~'] and will use the fact that the former group is 
invariant under the action o f~ '  on ~ (Lemma 4). Let ~1, fil, ~2, f12 be a canonical basis for rr, 
and put 71 = [~tl, fll ], 72 = [0~1, ill'] rot2, f12]: these are represented by the SCC's shown in 
Fig. 8 (compare Fig. lb-c; we may assume has been chosen, as shown, to be disjoint from 
71 k..) 72). 
LEMMA 10. [~, ~'] is JC-generated by [oq, 71] and [0t2, 72]" 
Proof. Just as in Lemma 7 we see that the set of al l f  (71), asfranges over ~t', generate ~'. 
Hence [~, ~'] is generated by the conjugates of, and so also ~-generated by, commutators of
the form [x, f (71)], where x e rL But [x,f (71)] = f I f -  1 (x), 71], so all commutators of the 
form Ix, 71 ], x e z~, also ~-generate, and expressing x as a product of the ~'s and fl~'s, we see 
that rx, 71] can be expressed as a product of conjugates of [a~, 71] and [fli, 71], i = 1, 2. 
These four elements are then ~¢--generators of [~, ~']. 
Now the SCC 71 separates M into two genus one pieces $1, $2 ($1 is marked in Fig. 8), 
with D and d2 contained in $2, and the curves a~, fl~ are carried by Si. In a neighborhood ofpl 
these curves look like Fig. 9: 
Applying Lemma 5 and its corollary, there exist diffeomorphisms hi of Si fixing their 
boundaries and D pointwise and such that hi moves ~i to fl[ 1. If we piece these together along 
71, we get a diffeomorphism of M which leaves 71 e ~ fixed and so moves a[ 1 [~i, 71 ] - 1 ai to 
fl i[fl/-1, 71] - lfl/'- 1 = [fli, 71]" Thus we may eliminate the generators [fli, 71] (i : 1, 2), and 
[~, ~'] is ag-generated by [:i, 71] (i = 1, 2). 
Consider next 6 = [ct2, #2 ], represented by the SCC shown in Fig. 10a and separating M 
into two surfaces T1, T2. There is a diffeomorphism of S2 to T 2 which is the identity on D and 
their common boundary curve a2, and so takes 71 to 6. There is also a diffeomorphism of $1 to 
T 1 agreeing with the above on 71 and taking oq to or2: for any orientation preserving 
diffeomorphism of $1 to TI (extending the given map 71 --' 6) will transform cq of Fig. 10b 
)'i 7"2 
~p, 
Fig. 8. 
o, \ /  
~'l ° $2 
# a2 
a2 /82 
Fig. 9 
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" ~ D  (b) (el 
P~ 
(a) 
Fig. 10. 
into a curve ~'~ (see Fig. 10c) which has the same local behavior in Tx near p~ as ~2. Hence we 
apply Lemma 5 again to move ~ to ~2 in T~ while fixing 6. 
Now piece the two maps S~ --, T~ together to give a diffeomorphism of M which moves 
[~1, ~1 ] to 1~2, 6] in ~; this shows that the generators [~,  ~t-1 and [~,  T I] may be replaced 
by generators Jut, 3'1] and [~2, '~1]~1 [0(2, 6-1~1 1 --'~ 1"0~2,"~16"1 = 1"0~2, ~2"[, Q.E.D. 
LEMMA 11. ~k(K c~'2 ,2 )= [if, if'-1. 
Proof. We have already shown that the left side is contained in the right. To prove the 
converse, we use the fact that ¢ (K n 3"2,2) is invariant; we are thus required only to show 
that [~, ~] (i = 1, 2) is in ~(K c~ ~2.2). Consider Fig. l la: We "push" ~h along ~i -~ to get 
Fig. 1 lb, and then pass both loops over the disc D to get the curve r/l c M of Fig. 1 lc. Now r/'~ 
is also a bounding SCC in M and we see that g = TnT ~a is in K c~ ~'2, 2. The action ofg on e 
gives g(e) = T~ 1 (e) ---- 0~1~1~i  1" 0~1191~1 1 "e and so ¢(g) = g(e)e -1 = [~,  71] is in 
¢(K c~ ~2.2). If we now repeat he above process with ~/1 replaced by r/2 and ~1 by a2 as 
shown in Fig. 12, we get [~z, 721 e ¢(K c~ ~'2,2). This completes the proof. 
LEMMA 12. K c~.q'2., = K nKerz .  
Proof. One inclusion is clear, so let feK  c~ Kerr. Then ~k(f)~[£, ~'] (corollary to 
l.emma 9) so there is by the previous lemma a geK c~ ~r2, z such that i f(g)= ~b(f), i.e. 
¢ ( fg  - 1 ) = 1. This means that ~0 ( fg -  1) ~ Ker (~ --, ~). Since this kernel is generated by 
qJCl"~,), ~o(fg -~) = ~0 (T~,) in ~ for some n. Now ~0 is an isomorphism, sofg -1 --- T~. But 
fg - 1 is in -~'2. z and we have seen that T ~, is in J2,2 iff n = 0. We thus get f = g e K c~ 3"2.2- 
Finally, we have 
THEOREM 3. ~22,2 = Ker T. 
Proof. Again, one inclusion is clear, Let thenfeKer  ; i f f is its image in f = 52,1 then 
the fact thatf(x)x- 1~ In, n'] for all x e n implies thatf(y)y- 1e [ff, ff'] for all y e ~, and hence 
(a) (b) (c) 
Fig. 11. 
T/2 
Fig. 12. 
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ry= 0. We now apply Theorem 2 to conclude thatfE ~-2, 1 and so is a product of twists on 
bounding SCC's in M. These curves may be isotoped so that they do not intersect #2 w e w D, 
and then they will bound in M = M2, 2 as well. Thus we have defined amap g e J-2.2 such that 
= f in  J - ,  and hencefg - ~ ~ K. The torsion of fg  - ~ is still zero, and so the previous lemma 
tells us that fg  -1 eK  ~ 3-2,2 and hence f6  ~'-2, 2, Q.E.D. 
or -* A3HI  (M2, 2) is an isomorphism. COROLLARY. Z : "~2, 2 / ~' 2, 2 
§6. THE CONJECTURE FOR Mg, l, O > 3 
We now begin a proof of the general conjecture, which states that ,Y-g, 1 = Ker • for all 
9 > 2. Although we will need the results of the preceding two sections, our approach ere will 
be entirely different and inductive in nature. We will use methods imilar to those of [1]: in 
the terminology of that paper we produce a set of chain maps in Jg, x / 5rg, a and show that 
they generate by virtue of the fact that they contain a 3-chain map and the generated group is 
normal in ~g,  ~/Y'g, 1. We show next that J /Y  is abelian, and finally prove the conjecture. 
We begin then with 
THEOREM 4A. Let Jg c Jg, l/~q-o, 1 be the group generated by (the images of) all 
straight 3-chain maps of the form [i(i + 1)jk], that is, all straight chain maps whose first basic 
circle is one of the original basic circles ci. Then Jo is normal in ~1¢g, 1/J'g, 1 for all g >- 2. 
Remark. As in [1] this implies that Jg = Jo,1/~J-g,1 for g > 3. 
Proof For g = 2, the generators of J2 are (the images of) W s = [1234], W4 = [1235], W 3 
= [1245] and W 1 = [2345]. By Lemma 6 of [1], these and W 2 = [1345] generate K 
= Ker (-~¢2,1 --* -dt'2,o). It was also shown there that W 5 Wg 1 W3 W21 W1 = T~-ux~ oq-, SO the 
left side becomes 1 in K/K  ~.Y  = Ker (JC2,1/°J--*~¢¢2,o/3-). Thus W 1, W 3, W 4, W 5 
alone generate the normal subgroup K/K  n 3-, i.e. J2 = K/K  ~ ~Y; this proves the result 
for g = 2. 
We shall assume henceforth that g > 3 and that Jg, 1 is normal in J lg_ 1,1 / ~J-g- x, 1. In order 
to relate Jg to Jg_ 1 via induction, we assume that Mg, 1 contains imbedded in it all of the 
surfaces M2,2 and Mk, 1 (2 < k < g) as shown in Fig. 13. As in [1], Section 4, we note then 
that the generating set of Jo contains all of the generators of Jg_ 1, namely those whose last 
index is < 29, and we get an obvious map Jg_ 1 --, Jg. Assuming the inductive hypothesis that 
r: Jg_  1 ,1 / Jg -  1,1 --* A3H1Mo- 1,1 is an isomorphism (true now for g = 3), and hence is 1 - 1 
on Jo-1, we can see that Jo-~ ~ Jg is actually injective. In fact, we have a commutative 
diagram 
Jo -  i > Jg 
A3H M- - - - -~  AaH1Mg | g- - l ,1 ,1 
/ I O . . . -  / 0 , ,  
~ J 
~, M2,2 j 
MS, I 
Mg-* , l  
Fig. 13. 
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The bottom map is injective, since it is induced by the injective map Ht Mg_ 1, 1 --' H1Mg. 1; 
since the left vertical map is injective, Jg_ 1 -" Jt must be as well. We may thus identify J~ (k 
< g) with a subgroup of Ju in this manner. The same argument holds true for the surface 
M2.2 c Mg,1 and its corresponding group ,/2,2 c J2,2/~'2.2 which is generated by all 
straight 3-chain maps of the form [i( i+ 1)jk], k < 6. 
The inductive part of the proof of Theorem 4A is divided into 5 parts. 
PART I. All straight 3-chain maps are in Jg. 
Proof. We show [ijkl] is in Jo by induction onj - i ~ 1. I f j  - i = 1 it is true by definition 
of Jg. I f j  - i > 1, consider the 4-chain (i (i + 1)j k l). Its regular neighborhood is an M2.1, and 
we have seen that in this genus 2 surface the chain map [ijki] is equal rood ~" to a product 
involving only [i(i+ 1)jk], [i(i+ 1)j/I, [i(i+ 1)kl] and [( i+ 1)jkl]. All of these have 
"shorter" first circles, and hence by induction are in J0. 
PARr II. Jo is normalized by all the Ci's. 
Proof. We may now think of J0 as generated by all straight 3-chain maps, so the result 
follows by [1], Lemma 8. 
PART III. W 7 = [123456]eJ2.  c Jg. 
Proof. [123456] is carried by M2, 2 (see Fig. 13) and its torsion is - (c t  ^ c2 +c4 ^  Cs) 
^ (c I + c a + c s), by [2], corollary to Lemma 4B (here - (c1 + ca + Cs) is the boundary class of 
the regular neighborhood ofch (123456) and c 1, c2; ca, cs is a symplectic basis for a maximal 
symplectic subspace). We omit the wedges and rewrite this as 
- -  (CLC2C3 "~- CLC2C5 "~" CLC4C5 + C3C4C5 = - -  CLC2C3 - -C3C4C5 - -C lC2  (C3 "{" C4 + ¢5) 
-~- ClC 2 (C 3 -3 I'- C4) --  (C 1 "Jr C 2 "{- C3)C4C 5 + (C 2 + C3)C4C 5 • 
Using I.emma 2, we see that the right side is also the torsion of [1234] [3456] [1236] 
[1235]- 1 [1456] [2456]- 1 ~J2,2. By the corollary to Theorem 3 then, the above map and 
W7 are equal in J2,2, Q.E.D. 
PARr IV. W~ = [234567], W 2 = [134567], W 3 = [124567] . . . . .  W 6 = [123457] and 
B* W 1 are also in Jg, and it follows that all 5-chain maps of M3,1 are in Jg. 
Proof. Jg is normalized by the C{s, so W 6 = C~1.W7 is in Jg, and likewise 
W5 = C61"W6 . . . . .  W I are all in Jg. By the corollary to Lemma 5 of [1], we have 
B * WI = W4 W 31 W2Ty ' where ~ is the boundary curve of M3. ~ as it is imbedded in Fig. 13. 
Since Tr e 3", B* W~ is also in Jg. But these maps generate Ker (~a. 1 --* ~¢a, o) and so all 
5-chain maps of M3,1 are also in Jv  
PART V. B normalizes Jg. 
Proof. Given f= [i( i+ 1)jk] we may, in the manner of [1] Section 4, "reduce" the 
problem of showing B + 1 *fE Jg to the case when f is a consecutive 3-chain (all of the C{s 
(i ~. 4) commute with B; see [1], part II in the proof of Theorem 2 for further details). Three 
non-trivial cases occur: B + t [2345], B ± 1 [3456] and B ± 1 [4567]. The first is carried by M2,1 
and so is in Jg_ 1 c Jg. For the second, we use the following relation (see [1], Lemma 10): 
[1234] [1256] B* [3456] = [123456]. 
(The map [56 . . .  2g] found in [1] is trivial in M3.1 .) The fact that the right side is in J3 
shows that B* [3456] is also in J3 c Jg. As in [1] we also get B- 1. [3456] E Jg by applying 
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B-1 to the above relation, noting that (by part IV)B-1,  [123456] ~Jg and concluding that 
B - l * [1256]~Jg ;  conjugating this by C~1C~C31C21 and using part lI gives us 
B-  1, [3456] e Jg. 
Finally we use the relation of [1], Lemma 9: 
[2345] -~ [4567] -1 B* [4567] B* [2345] = [234567] - 1 B* [234567]. 
The right side is in Jg by part IV, and B* [2345] is in ']2 ~ 'J0; this gives us B* [4567] eJg. 
Conjugating the above relation by B-1 shows that B-1 [4567] e Jg also. This finishes the 
proof of part V and Theorem 4A. 
COROLLARY. For g >- 3, Jg.l13-o.l = Jg and is generated by (23 ) 3-chain maps. 
Proof. The number of generators i the number of ways of choosing [i(i + 1)jk], i.e. of 
choosing the last three indices satisfying 2 < i + 1 < j < k < 2g + 1, Q.E.D. 
THEOREM 4B. Jg is abelian. 
Proof. We are asked to prove that all straight 3-chains centralize Jg. But note that the 
center of Jg is characteristic and hence a normal subgroup of ~¢g. 1 / 3-g, 1 ; thus it suffices to 
show that [1234] is in the center of Jg, since the ~¢-conjugates of [1234] generate Jg. We must 
then show that the commutator [[1234], x] is 1 in Jo for any of our generators x. Since all 
Ci (i ~ 4) commute with [1234] this relation is equivalent to one in which x is a consecutive 
3-chain map: we use the same reduction method as in part V of the proof of Theorem 4A. 
Again, only three nontrivial cases occur: x = [2345], [3456] or [4567]. But [[1234], [2345]] 
is carried by M2, i and has zero torsion so is in J by Theorem 2--that is, it is zero in Jg. 
Likewise, [ [ 1234], [3456] is carried by M2, 2 and so is zero in Jg by Theorem 3. It remains to 
show that [ [1234], [4567] e F3.1. For this we need a particular geometric relation. To get it 
we will use the "Mo.4 relation" as described and used in part IV of the proof of Theorem 2 in 
[1]. Let thenf  = [1234] = T, TZ, 1 and g = [4567] = TbT~, 1 where the curves a, a' and b, b' 
are shown in Figs. 14a and b respectively. We shall actually show that [ f  - 1, g] e ~-3.1, which 
is equivalent to [f, g] ~ ~7-, since [ f  - 1, g] =f  - 1 [f, g] - i f  and 3-3.1 is normal. If we put 
f - l (b )  = c and f - l (b ' )  = c', where c, c' are shown in Fig. 14c, then f - lg f= TcT~:I and 
[ f  - 1, g] = Tc T ~ 1 Tb ' T f 1. Note that b, b', c' are all disjoint, so their twists commute, and we 
may write I f  - 1, g] = T~Tb,T ~1Tf 1. Next consider the two bounding SCC's el, e2 shown in 
Fig. 15: We see that e l, e2, b and c' bound an Mo,4 subsurface of M3,1 . Contained in this 
subsurface, and dividing it into a disc and an annulus, are the arcs x, y, z depicted in 
Figs. 16a, b, c respectively. The curve b is in the annulus component and as in [1] we orient 
x, y, z with the annulus on their right, as shown in Fig. 16; as we traverse the boundary of the 
a 
I ) ( ° '  .... , 
Q 
(Q) (b) (c) 
Fig. 14. 
El 
Fig. 15. 
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disc component along its standard orientation, we thus traverse the three arcs in the cyclic 
order x, y, z. Now the boundary of the regular neighborhood ofe2 w x u c' can be seen from 
Fig. 16a to be the curve c. Likewise the boundary of the regular neighborhood ofc' u y w e~ 
is b'. The same process applied to Fig. 16c gives the bounding SCC 7 of Fig. 17. We now have 
all the required information to write the Mo,4 relation, which reads: 
T~Tb,T~=T~TcTqT~2, or [ f - I ,g ]=TcTb.T~; IT f l=T~T~T~le3-3 ,1 .  
This concludes the proof. 
From the fact that 7 is the band connected sum of el, e2 along the arcz, we get: 
COROLLARY. If ~ iS a band connected sum of disjoint SCC's ~h, F]2, each of which bound 
(disjoint) genus 1 subsurfaces of Mg, t, then Tn T~2T ~ I is in J'9.1. 
Proof. There clearly exists a diffeomorphism takingr h, r/2 and the band connection arc to 
el, e2, z of Fig. 16c, and hence 6 to ~. Applying the inverse of this diffeomorphism to the 
relation [ f -  1, g] = T~T~T ~ l then expresses T~TnT ~ 1 as a commutator, Q.E.D. 
THEOREM 5. "C: Jg, 1/~7"g, 1 ~ AaHf(M~. 1) is an isomorphism for all g > 2. 
Proof. We may assume g > 3. Theorem 4B and the corollary to Theorem 4A tell us that 
J /  oar is abelian and generated by ( 2~ ) elements. But z is surjective and A 3 H l ( M o, l ) is free 
abelian of rank (23g); the theorem follows easily. 
COROLLARY. ~rg, 1 = Ker z for all g >_ 2. 
§7. CHARACTERIZING 3" FOR CLOSED SURFACES 
In this section we prove the analog of Theorem 5 for closed surfaces of genus g > 3. 
Let M = M~I and M = Mg,~ w D = Mg, o; as usual we have a surjective homomorphism 
Jg, 1 = • to J = Jg. o and its kernel is K. The inclusion M c M induces an isomorphism of 
H 1M and HI M; we identify them thereby, denoting both simply by H. In [-2], Section 6 the 
torsion for closed surfaces was defined as follows. First define the "characteristic element" 
g 
0 6 A2H to be ~ ai^b i for any symplectic basis {al, bi } of H; 0 is independent ofchoices. The 
i=1  
homomorphism u: H --, AaH given by u(x) = O^x is one to one and we denote its cokernel 
AaH/Im u by V. If f6  ,~ we lift it to fe  J and define zTto be the image of ef in V ; this is well 
defined. Assume now that ~7= 0; it was shown in [2] that Im u = ~(K), so we must have 
rf ~ ~(K). This means that there is a g ~ K with Tf = z~, i.e. zfg-~ = 0 in AaH. By Theorem 5, 
fg  - ~ ~ 39, ~. But fg - 1 = f since g- 1 6 K, and so f~ J-g, o. We have proved: 
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THEOREM 6. Z: J0,O/°Jg.0 ~ V = AaHz(Mg'° )  is an isomorphism for all g > 3, and @g,o 
Im u 
= Ker  T. 
Remark. It can be shown that 
J,.o/3",.o. 
V is free of  rank (23)  -2g ,  so the same is true of  
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